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Abstract 

We explore the light-cone gauge formulation of a closed supermembrane on AdSj x 
S 4 . We obtain the action of matrix quantum mechanics with large N U(N) gauge 
symmetry for the light-cone supermembrane. We show that this action reproduces 
leading order terms in a'-expansion of the non-abelian Born-Infeld action of N D0- 
branes propagating near the horizon of D4-branes. The matrix quantum mechanics 
obtained in this paper, therefore, has an interpretation as Matrix theory in the near- 
horizon of D4-branes. 
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1 Introduction 



Super membranes pQ play important roles in M-theory. For example, they lead to the equa- 
tions of motion of the low-energy effective field theory of M-theory (i.e. eleven-dimensional 
supergravity) 0[2], provide string states in type IIA string theory [2] and in E 8 x E$ het- 
erotic string theory [3], and become D2-branes in type IIA string theory Besides these 

facts, in Matrix theory JS] , infinitely many DO-branes are conjectured to capture all physical 
degrees of freedom of M-theory in the infinite momentum frame and the resulting DO-brane 
action |7j[H] coincides with that of a closed light-cone supermembrane in the flat space 0. 
Supermembranes are therefore expected to play a pivotal role in pursuit of the microscopic 
description of M-theory. 

Soon after Matrix theory was proposed, its curved-space extension was investigated from 
the viewpoint of DO-brane physics in e.g. refs. ^U] ^1] ^2] ■ We may naturally expect that 
as well as these analyses, the investigation of light-cone supermembranes in curved spaces 
should provide another promising approach to this problem, taking into account the above- 
mentioned coincidence in the flat space between the action of DO-branes and that of a 
light-cone supermembrane. The analyses along this line were initiated by ref.|13j. 

In ref . jT^j , quite general results are obtained regarding the actions of bosonic light-cone 
membranes on curved backgrounds and those of the corresponding matrix theories, and then 
contributions of the fermionic coordinate G of supermembranes are included up to quadratic 
order. The actions of supermembranes in curved spaces are described in terms of the su- 
pervielbeins and the three-form superfields in the eleven-dimensional M = 1 superspace pQ . 
Since the fermionic coordinate O in the superspace is an 5*0(10, 1) Majorana spinor, the 
superfields are, in general, 32nd order polynomials of G. In generic situation, it becomes 
an intricate task to determine the superfields in all order of [13J. This fact leads us to 
specific cases in which the backgrounds possess large isometry, because the restriction of 
the symmetry is expected to facilitate the task. In fact, for the maximally supersymmetric 
solutions of eleven-dimensional supergravity: Minkowski space, AdS± x S 7 , AdSj x S A and 
the pp-wave solution, the full-order forms of the supervielbeins, super spin- connect ions and 
the three-form superfields are determined. In the AdS^ x S 7 and the AdS? x S 4 cases, the 
superfields are obtained in refs.[r%][ro][ro]. These superfields are reduced to those of the 
pp-wave background in the Penrose limit |17j|18j . 

Related to the flat case, in refs.|19|[2*U]|21|. a light-cone supermembrane is considered 
in the eleven- dimensional Minkowski space with non-trivial periodicity from which the ten- 
dimensional Kaluza-Klein Melvin background is derived. In refs. [22! j22j , the light-cone gauge 
formulation of a supermembrane on the pp-wave background is constructed and it is shown 
that the resulting system becomes the matrix model proposed by Berenstein, Maldacena 
and Nastase (BMN) [21]. Several properties of the BMN matrix model are studied also by 
refs. (23 j2EIj2II • 

In this paper, we study the light-cone gauge formulation of a closed supermembrane on 
AdS-j x S A . Similarly to the flat and the pp-wave cases, we obtain the matrix quantum 
mechanics for the supermembrane. We show that the matrix action of this system takes the 
same form as that of DO-branes propagating near the horizon of D4-branes. This result is 
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consistent with the fact that AdSj x S 4 is obtained as near-horizon geometry J2S] |2H] of the 
M5-brane solution. 

M-theory on AdS-j x S 4 is proposed to be dual to six- dimensional superconformal field 
theory on the M5-brane world- volume [30] [31] [32] |33j . This is an example of the AdS/CFT 
correspondence conjectured by Maldacena |2H]- To obtain insights into this AdS 7 /CFT 6 
correspondence, (semi-) classical analyses of supermembranes on AdS^ x S 4 are carried out 
in refs. p4j [35J [36J [37] . Our result should give a new approach to the study of this correspon- 
dence. 

We make a comment on light-cone supermembranes on Ad S4 x S 7 . In the AdS$ x S 7 
solution, the three-form gauge potential Cmhp does not satisfy the relation = 0. Hence, 

the ^"-dependence is not straightforwardly eliminated from the light-cone hamiltonian of 
the supermembrane [T3]. It might deserve more study [T3J. In this paper, we will not purse 
this case further. 

It is worth mentioning that light-cone Green-Schwarz superstrings on AdS$ x S 5 are 
studied j3H] |HH] [10] • Our investigation is therefore an extension of these string analyses into 
the supermembrane case. 

This paper is organized as follows: In Section^] we construct light-cone gauge formulation 
of a supermembrane on AdS-j x S 4 . The resulting action may be regarded as that of quantum 
mechanics with area-preserving diffeomorphism gauge symmetry. We employ the matrix 
regularization |H]|n]|12] for this action. The system consequently becomes matrix quantum 
mechanics with large N U(N) gauge symmetry. In Section E] we show that the matrix 
action obtained in Section |2] coincides with that of large iV DO-branes propagating near the 
horizon of D4-branes. This implies that the light-cone supermembrane on AdS-j x S 4 has an 
interpretation in Matrix theory, similarly to the flat case. Section 0] is devoted to conclusions 
and discussions. In Appendix El we provide conventions of the SO(10, 1) gamma matrices 
and spinors used in this paper. In Appendices El and [d rearrangements and detailed forms 
of several equations are presented. 

2 Light-Cone Gauge Formulation 

2.1 Supermembrane action on AdSj x S 

The action of a supermembrane on curved space-time is given in ref.pQ as 

Jjk 



S = j d^C = -T j d?i v /- det hij + ^-UfUfU^CABC 



[2.1) 



where T is the membrane tension, which is described in terms of the eleven- dimensional 
Planck length l p as 

T = <m • (2 - 2) 

= (r, a % ) {% = 1, 2) are the world-volume coordinates on the membrane, and e 4jfc and are 
respectively the anti-symmetric tensor density and the induced metric on the world-volume 
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defined as 

e Tala2 = -1 ; hij = HfU% h , Uf = d t Z M E A (A = a, &■ M = m, a) . (2.3) 

Here Z M = (X™, Q & ) are the coordinates on the eleven- dimensional curved superspace, E^ 
denotes the supervielbein and 77.^ is the eleven-dimensional Minkowski metric in the local 
Lorentz frame. The fermionic coordinate Q a is a Majorana spinor of the SO(10, 1) local 
Lorentz group. The conventions of SO(10, 1) spinors and the gamma matrices used in this 
paper are presented in Appendix El The three- form 

C {3) = }_ U A AU B A U C Cabc ? U A = dZ M E A ^ (2 4) 

is the potential for the four-form field-strength 

= dC {3) = ^U A A T1 B A Tl c A U D F ABCD • (2.5) 

In the superspace geometry of eleven-dimensional supergravity, there exists a closed four 
form 

f (4) = - (n a a u h a it a n d F aSei + i2in a r aS n a rr a n s ) . (2.6) 

We consider the AdSjxS 4 solution of eleven- dimensional supergravity. The non- vanishing 
components of the Riemannian tensor and the four-form field-strength of this solution are 

Rabcd = ~ (VacVbd ~ VadVbc) , 



4 

u 
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Ra'b'c'd' — -p? {ba'c'bb'd' ~ Sa'd'Sb'c') , 



F a 'b'c'd' — —"Tl-j^a'b'dd' , T) — ±1 , (2.7) 

where a, b, c, d and a', b', c', dl are local Lorentz indices in the AdS 7 and the S 4 directions 
respectively, and L is the radius of AdS?, which is related to the radius L S 4 of S 4 by L S 4 = 
|L. Via a supercoset construction, the supervielbein one-form U A = dZ M E^ and the 

superconnection one-form £l ab = dZ M VlM ah for this background are obtained in the 

all order of the fermionic coordinate as 1 

fc=0 v '' 
15 

ir = e a -2zV— — -er & M 2k De , 

^(2A: + 2)! 

. 15 

n di = cu di + ^J2 (2fc + 2) ; Q ( r ° S£l62£3£4i? g 1 e 2 a 3 c 4 + 24T £d F^ M 2k DQ . (2.8) 



1 The same result as eQ. lj2.8ll is obtained in ref.|lf>j by using only eleven-dimensional supergravity torsion 
and curvature constraints. 
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Here e a = dX m e c ^ l and uo ab = dX m uJm ab are the vielbein and the spin-connection one-forms 
of AdS-j x S A respectively, and the one-form DO and the matrix A4 2 are defined as 

DO = (d + ^ a6 r aS + eV^fefe) 6 , (2.9) 

(M 2 )% = -2i(r a s ^ g e) a (er s ) 3 

+ ^8 ( r aS )" (ei^***^** + 246^^) „ , (2.10) 

where T & hs3& denotes 

T ^ = 2^8 ~ 85 * rSM] ) ■ ( 2 - H ) 

For the AdSj x S 4 solution, the closed four-form (J2.6)) is integrated and the three-form 
potential is obtained explicitly [T3] as follows: 

i r 1 

C (3) (Z) = -e a Ae 6 AeT^(I)+i / dt QT & ~ b U(X, tQ) A Il a (X, tQ) A H b (X, tQ) . (2.12) 
3! ' J 

2.2 Light-cone gauge supermembrane 

In this subsection, we impose the light-cone gauge conditions to fix the reparametrization 
invariance on the world- volume and the fermionic gauge symmetry (^-symmetry) pQ of the 
action (pHJl . 

We choose the AdSj x S 4 coordinates in terms of which the metric takes the form 

2r / L \ 2 L 2 

ds 2 = Gran dX™ 1 dX™ = —ri^dX^dX* + f — J dr 2 + —dti\ , (2.13) 

where (X* 1 , r) (/2 = 0, ...,4, \\) are the horospherical coordinates of AdSj and dfl 2 is the 
metric of a unit S 4 . We denote the coordinates on S 4 by X m (ml = 6, 7, 8, 9). The metric 
(|2.13|) can directly be obtained as near-horizon geometry [2111211 of the M5-brane solution 
|4Tj of eleven-dimensional supergravity, 

ds 2 M5 =(l + 3 jjpdXfidX" + (l + ^f^ 3 {dr 2 + r 2 dn 2 4 ) , (2.14) 

where Q denotes the number of the M5-branes, X^ denote the directions parallel to the M5- 
branes and (r, X m ) denote the polar coordinates parametrizing the directions perpendicular 
to the M5-branes. The near- horizon limit taken in ref.jSH] is 

L -> with — = finite . (2.15) 
1 p 



One can find that the radius of the AdS 7 is expressed [29] as 

L = 2l p (nQ)^ . (2.16) 
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We introduce the light-cone coordinates X m = (X + ,X ,X m± ) with 

X ± = -^{X* ± X°) , X m ± = (X™,r,X m ') m = (l,...,4). (2.17) 
v2 

We denote the local Lorentz indices corresponding to these coordinates by a = (+,—,a±) 
with a± = (a, f, a') and a = (I, . . . , 4). In terms of the coordinates (|2.17|) . the metric ()2.13|) 
is recast into 

2r / T \ 2 T 2 

ds 2 = — (2dX + dX~ + S^dX^dX^) + — dr 2 + —dttl . (2.18) 
L ' \2r J 4 

We may choose the vielbein of AdS-j in a diagonal form, 

|, «T = £. (2.19) 
The non-vanishing elements of the spin-connection in the AdS-j sector become 

= u^- f = oo x w = uj 2 2f = cu 3 3f = cu 4 4f = \=k- (2.20) 

V L 6 

This yields ui + +r = -j-e+, u>_~ r = -j-el and u) ih aT = x e r?r 

In order to fix gauge symmetries of the supermembrane action (|2.1|) . we impose the 
conditions 2 

x + = t , r+e = o . (2.2i) 

Introducing the projection operator J>^ c ^ = ~(l±r~^), we separate the fermionic coordinate 
6 into two pieces: 

e = e+ + e_, e± = pi LC) e. (2.22) 

The gauge condition (|2.21j) imposed on 9 is equivalent to 

9+ = . (2.23) 

We note that the 'chirality' associated with the projection operator V± flips under the 
Dirac conjugation: 

Applying the condition ()2.23j) to eq. ()2.1()|) . we obtain 



9± = 9±PJ C) • ( 2 - 24 ) 



m 2 [Q-}% = - 2i (r a± b ' c ' d ' e 'F b , c , d , e ,e_y (9„r^ + -^-®t (e„T a ' b ' c ' d 'F a , b , c , d ,y 



-{T alb ,®_T(Q„T dd ,F abcd y^ . (2.25) 



2 In this paper, we use the convention in which the world-volume time coordinate r has dimensions of 
(length) 1 in the space-time sense. This convention is possible because of the invariance of the action (|2.1() 
under the transformation £ l i— > l^^ 1 for arbitrary constants ?W, which is a part of the reparametrization 
invariance of the membrane world- volume. 
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Here we have used the relations 

T+0_ = 0_r+ = . (2.26) 

In what follows, we will not use the explicit form of -F a 'b'c'd' given in eq. (|2.7J) in order to 
trace the Fo'6'c'd' dependence. In Appendix El we substitute the explicit form of F a iy c i,ii into 
several quantities which will appear in the following. By using the relations 

we find that 

M 2 [0_] = V iLC) M 2 [Q-]V { + c) , (2.28) 

and thus 

m 4 [Q-} = , e_r ai 7W 2 [e_] = o . (2.29) 

It follows that in the gauge (|2.21|) the supervielbein and the superconnection become at most 
quartic order polynomials of the fermionic coordinate G_. With the condition f)2.23|) . the 
pull-back of the covariant derivative onto the membrane world-volume -DjO becomes 

1 

t 

1 1 



<>,x + > 1 ( + — r b ' c ' d ' e 'F b , c , d , e , ] e_ 

r m LI,, a t 61 p „ai 71 b'c'd'e' 



+ diX m ± i-uJ ms _ axbx T axbx + e a m \T a± b c d e F Vdd , e ,\ 0_ . (2.30) 

Here we have used the relation u + +r = T&X- 

If we plugged the explicit form ()2.7|) of F a 'b' c 'd' into eq. ()2.3()|) . we would find that D-i 
contains the projection operator 3 "P^ 5 -* jgj [15] [IE] defined as 

(M5) 1 ± 77IV7' 1 / 6V d' F , 9 01 x 

F± - 2^ ' ^ ~~ ~M fa'b'c'd' ■ {2.61) 

We note that the projection operator p^ 5 -* commutes with p^ - 1 and , p^ c \ We might 
further decompose the fermionic coordinate 0„ into two pieces as 

0_ = (+) + 0H , 8 (±) = pf 5 )9_ . (2.32) 
In Appendix [0 we describe several quantities in terms of 0^ after using the explicit form 

of -Fa'b'c'd'- 

Taking into account the bosonic condition in eq. (|2.21j) as well as fermionic one, we obtain 
the following relations from eqs. ()2.28|) and ()2.30|) . 

A4 2 [0-]A'©- = , 0_r a± A = , 

M 2 [Q-]D T e- = e+M 2 [0_]r+ + 7^ Ta ' b ' C ' d ' F -'b'c>d^ ©- • (2-33) 



3 J_p_ j 1 -pfe'c'd'e' p _ J_p_-p( M5 ) I, , abp J- p°- T h ' c 1 d' e' p — 1 6 p -p(M5) 

2L r 288 r b'c'd'e' L r — ' J^m 1 56 ^ e m a r b'c'd'e' L m a — 
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Gathering the relations obtained above, we find that in the gauge ()2.21|) the pull-back 
of the supervielbein onto the membrane world-volume Ilf becomes as follows: the bosonic 
components il" take the forms 



IT = d T X-eZ - t<d-T~d T 0- 



id T x m ^Y~ (ju m± a±b± Ta ±b± + e a m \T a / c ' d ' e 'F b , c , d , e ^ e_ 

* ± ~ ■ <2ro iT-i- I ^ T-i i -nfc'c'd'e' 



12 + 1 J V 2L 288 V 

n+ = o, 



nr = dtX-eZ-iQ-T-dt^- 



-idiX^Q^ (^uj m± a ^T a±b± +e a m \T a± b ' c ' d ' e 'F b , c , d , e }j 0_ , 
= diX^e^ , (2.34) 
and the fermionic components 11° take the forms 



(J 7 V 2 ^ 288 



IU = 8iQ„ + 8iX m ^ (\u m± a ^T a±b± + e a m \T a± b ' c ' d ' e 'F b , c , d , e )j 0_ 

We thereby obtain the induced metric on the membrane world-volume, 
h TT = 2d T X-G + ^ + d T X m ^d T X n ^G m±n± -i2eX&_T-d T <d^ 



(2.35) 



2/^A""'V+e_r- ( ±u m , a ' v r a , v - -Le a mr r a ,Tr- ^ei,r Vc ' d 'F a/b , c , d , ) 0_ 



+F , 

= dtX-G + - + d T x m ^diX n ^G m ^ - ieje_r-a<e_ 

— ie\diX m 6_r ^-u m > a b Y a ' b > — — e^Y^Yr — — e^,r b c d F a iy c i d ^j 0_ , 

h {j = = d.X^djX^G^ , (2.36) 
where F denotes four-Fermi terms 

f = -^(e+) 2 e_r^M 2 [e_]r^ ^y f + ^Y<<F b{ ... b ^ e_ 



bj -r ( — r f + — T b '^F c ,... c , )(-)_ 
2L 288 1 4 



x 



H - r " r " l i r ' + 2§8 r ^ C ' 4F ^- |H - 



Following the steps presented in Appendix El we may recast F into 

1 „ 1 
144 



F 



- e 



2L 

e_r-r 



rv + — r^F^ ]e. 



„ , -r r - + — r e 'i"<F c ,.. c , ) e. 

x 1 2L 288 1 4 



+ -( ( T)-(e_r-r c ^e_)F c , x 



x 



e_ r - r ^4 / J_r f + — r<-<F a > ... a < ) e. 

1 2L 288 1 4 ' 



Substituting eqs. ()2.34p and ()2.35j) into the lagrangian (|2.1|) . we obtain 



(2.37) 



(2.38) 



TV Ah + T—d T X m ^d i X m ^d j X m ^C n 



1 



-a;. 



4 



1 b x c x ^ 



4L x 192 n± b ± r c[-& A I w - 



where 

A = — h TT + Uih lJ Uj , h %J h<f, — 5| , ft. = det fr^- , 

Here we have used the relation (jA.5|) . From the lagrangian (|2.39j) . the canonical 
are determined by 

dC „ <9£ 



, (2.39) 

(2.40) 
momenta 



9(9 r X- 



p 



This yields 



P-= V\/^G. 



p _ = d£/d(d T B-) . 



P^ = T\j —Gfah {d T X h - mWdjX*) 



P r = T\f^G rr (d T r - Ui h%r) , 



P m , = T\j ^G m , n , fd T X n ' - u { h%X n '^ + T^diX^djX^C^^ 

V A + I 4 m ' a ' fe ' _ 2L a f ~ 24 fa'b'c'd' 
Pe. = -iT^eXQW 1 . 



(2.41) 



The hamiltonian takes the form 



n = P-d T x~ + p m± d T x m ^ + p _d r e_ - C 



2P_ 



T 2 h _l_ P r-irhh pip rirr p , n /~im!n' f\ 



Ox 



6 i ci 



+ — p 6x r\ - + — p b± r c 'i'" c 4T\ f i 'IB 

4L x 192 x 6x r <-c^ I 



-P_ 



e_r-r° 



J_i> + — r^-^Fy.^ )e_ 

2L 144 1 4 



x 



x 



1 2L 288 1 c ' ' 



96 



p_ e_r-r c ^e_ f c ,... c 



where 



Pm' 



T „ 



m' m m„ 



a' 6' 



r a'6' - 777e^,r a /r f - — e^,r c F a i Vc > d i 0_ . (2.43) 



2L 



24 



(2.42) 



e_r-r"- : ''"' ( — r> + — r<-<p a /... a , }e_ 

2L 288 1 °' ' 



Similarly to the flat case, the system has primary constraints, 



X 



p.d { x- + P m± <9 f X mx + P e _dS- « o 



p e „ + i^e_r- « o . 



(2.44) 



One can find that the constraint $ 4 - is first class and the constraint \ is second class. Following 
the prescription for the constrained hamiltonian systems 7 we introduce the total 

hamiltonian 

H T = H + c% , (2.45) 

where c l is a Lagrange multiplier. Since x is a second class constraint, we solve this constraint 
and hence have not added this constraint in the total hamiltonian ([2.45 j) . We find that no 
further constraints emerge from the consistency conditions of the constraints (|2.44J) . i.e., 
there are no secondary constraints in this system. 

In order to fix the remaining gauge symmetry generated by the first class constraint 
we further impose conditions. Now we look for the gauge in which the dynamics of P-(r, a) 
becomes trivial, <9 T P_ = 0. Since the hamiltonian 7ix is independent of the coordinate X~ 
conjugate to P_ except for the constraint term 4 &{C l , we can achieve such a gauge, in the 

4 Because of this fact, the field X~ can be eliminated from the resulting hamiltonian This originates 
from the fact that all the components of the metric Gmh and the 3-form potential Cmnp are independent 

of the coordinate X~ and the components C_| fn and of the 3-form potential are vanishing in this 

background. 
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same way as the flat case |2] |H] [H] , by imposing 

. (2.46) 

We will henceforth refer to the gauge defined by eqs. (j2.21|) and ()2.46|) as the light-cone gauge. 
The condition ()2.46|) leads to c* ~ and thus the resulting hamiltonian becomes independent 
of X~ . This leads to <9 r P_ = and we may set 



P_(a) = pWy/ w {a) , (2.47) 

where ^w(a) is a scalar density in the spatial directions of the membrane world-volume, 
S( 2 ). Now that we are considering a closed supermembrane, £(2) is a compact space. We 

normalize the area of S( 2 ) as f&ayfiXa) = 1. P W is therefore the zero mode of P_(a): 

P^ = J d 2 aP-(a). Since d ~ 0, the hamiltonian 7i T introduced in eq. (|2.45|) turns out to 
take the same form as T~Cq in eq. ()2.42|) with the identification f)2.47j) . 

It follows from the condition ()2.46|) that X~ is expressed in terms of other fields as 



1 . .... . „„ .. I - 



d { x~ = -—d T x m ±diX n ±G m±nx + i—e„r-d { e 
1 ■ / 1 „,,, 1 ., 1 



e_ 



i /—(-)_!- ( -u m , a ' v T a , b , - —ei,T a ,T f - —et^ dd! F a , Vdd , j (~)_<U'' 



1 p^^ + jieT^e-. (2.48) 



The fields X (r, a) and P_(t, cr) are thus no longer independent physical degrees of freedom 
except for their zero modes (fir) and Pf\ where q~(r) is defined as 

q-(r) = J d 2 ay^)X-(r,a) . (2.49) 

From the original canonical commutation relation (X~(t, cr), P_(t, c'))p = <^(c, a'), where 
S^(a, a') denotes the delta function on £(2), one can find that q~{r) and P^ obey the 
commutation relation 

(g-(r),P! 0) ) p = l. (2.50) 

Now we make a brief comment on the relation between h TT and h in this gauge. Combined 
with the definition of P_ in eq. (j2.41j) . the relation (J2.47j) yields 



2 

T 



'w{a)P. 



(0) 



G + _h . (2.51) 



We note that the field dependent factor G+_ = 2r/L appears in the proportional coeffi- 
cient between h TT and h. This implies that, unlike the flat case, we cannot accomplish the 
'conformally-flat-like' world-volume metric in the AdSj x S 4 case. The situation is quite 
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similar to the light-cone superstring on AdS§ x S 5 [39J, in which conformally flat world-sheet 
metric is not allowed because it is incompatible with the equations of motion for the string 
coordinate X + in the light-cone gauge [3$] . 
Using eq. (|2.48|) . one can find that 

$i = xdiQ- . (2.52) 

This implies that the constraint is reduced to the second class constraint \ and need not 
be considered in the light-cone gauge. By using the second class constraint x, we evaluate 
the Dirac brackets among the canonical variables, 



(X m ^r,a),P nx (r,a')) DB = C/^W 



,(0) 



1 



DB 



(V(r),Pl 

(0 a (r,a),P ^(r,a')) DB = \{V {hC) ) & / 2 \a, a') , 
(g-(r),e*(r,a)) DB = --L^r, a) , 

{P r (r,a),e & _(r,a')) DB = (r, *)6®(*, a') . (2.53) 

The third relation in the above is also expressed in the following way, 

(ei( T ,„),e*( T y)) DB = (v^cfs^y) . (2.54) 

We note that the fermionic coordinate 0_(t, cr) does not commute with the bosonic canonical 
variables q~(r) and P r (r, er). 

In a similar way to the flat case 01)0310, there still exists a constraint, i.e. the integra- 
bility condition for d(X~ given in eq. 1)2.48)1 . The integrability condition is locally described 
by P^e^didjX" / '^/w = 0, which reads 

<p = -pi 0) |^9 T x^G mxn± ,x"4 + ^ 0) l— e_,r-e_ 



rn 



+ ip® I ie_r- ( ^y b, r a , bl - ^,rvi> - ^ei,v b ' c ' d ' F a , Vc , dl ) e_ , x 
Pm± x m± \ + iP^ \ ie_ , r~e_ } ^ o , (2.55) 



'w J e " 

where the bracket {* , *} is defined as 



e 



>:s 



{A, B} = -j=diAdjB (2.56) 
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for arbitrary functions A and B on S(2)- By using the Dirac brackets ()2.53|) and ()2.54|) . we 
can show that the constraint tp generates area-preserving diffeomorphisms (APD), 



dV'V^O f{a') {X m -{a)M°'))m = {/(*) , X m -{a)} , 



(2.57) 



where f(a) is an arbitrary function on S(2)- While we might impose a further condition to 
fix this residual APD gauge symmetry, we leave it unfixed, following the treatment of [5] to 
obtain quantum mechanics. When Em) is a Riemann surface of genus g, there exist 2g global 
integrability conditions (see e.g. [EH]) in addition to the local one ()2.55j) . These constraints 
generate APD transformations as well. 

We can construct the lagrangian £apd which reproduces the light-cone gauge hamiltonian 
through the Legendre transformation, £apd = Pm ± d T X m± + Pq_8 t Q- — Ht- We find that 
£apd takes the form 



1 



w 



APD 



' - m±n± -V T X m ^V T X n ^ - —^T 2 {X m± , X n± }{X p± , X q± }G m±p± G 



(2.58) 



(o)- 



2G+- 4P_ 

T / / / 

+ TC m ' i ^ m | ) I' T X mi {X m2 ,X m3 } 



P. 



(0) 



- —v T x m \e„r- I -uj m , ah 'v alhl - — e» ,r«/i> - - e <i,r b ' c ' d 'F a , b , c , d , ) e. 



•> i i ( ^i v ^ + Yu vb ' 1 " b ' iF ^ 



ip(0) 

2 _ 



_ P w (e_r-r c i c 2 9_ ) f, 

96 



x 



e_r-r a , — r f 

1 2L 



2L 



288 



-r"-"^ /•;,■...,/ e 



Here we have introduced the APD gauge field v(t, a) and replaced the r-derivative d T with 
the co variant derivative T> T defined [9 as 



V T X m ± = d T X m± - {v, X m ^} , £> T 9_ = <9 T 0_ - {v, 0_} . 



(2.59) 
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The hamiltonian T-Ct can be interpreted as that in the 'temporal gauge', v = 0. The con 
straint <p = may be obtained as the Gauss-law constraint in the temporal gauge: 

<5Sapd 







Sv 



= -V^if , (2.60) 

where 5 A pd = J d 3 ££ APD . 

The lagrangian ()2.58|) does not explicitly depend on the geometry of S(2)- This allows us 
to reinterpret the spatial directions of the membrane world-volume £( 2 ) as an internal space 
on which the APD gauge transformations act and regard the lagrangian 



7 APD 



d 2 aC APD (2.61) 



as that of quantum mechanics. We thus obtain the quantum mechanical system with APD 
gauge symmetry which describes the supermembrane on AdS-j x 5 4 . 

2.3 Field redefinition and 50(1, 1) x 50(9) decomposition in the 
fermionic sector 

We remark on the field-dependent rescaling of the fermionic coordinate 0_, 



e_ i — > e_ = t 



X m± :P. 



(0) 



6_ , (2.62) 



where T 



x ™±-p 



(0) 



is an arbitrary scalar- valued functional of X m± - and P^. By using 

eq. (jA.5]L one can readily show that this transformation does not generate in the lagrangian 
(|2.61|) a new term which depends on the derivatives diX m± . It follows that, through the 
field redefinition 1)2.62)1 . we may change the normalization of the fermionic coordinate G_ in 
the lagrangian 1)2.61)1 even in a field-dependent way without altering the momenta P m± . 

For later convenience, we decompose the 50(10, 1) gamma matrices T a into 50(1, 1) x 
50(9) gamma matrices following the manipulation given in Appendix [X] and describe several 
formulae obtained in the last subsection in terms of the 50(9) spinors and the gamma 
matrices r y a± . Eq. (JA.19)) enables us to express the 50(10, 1) Majorana spinor 0° in terms 
of the 50(9) Majorana spinor 6 a as 



Here we have made the field redefinition ()2.62)1 with the rescaling factor T = 2^ d Pi u ^ (^) 4 
as well, in order that the new fermionic coordinate 9 should commute with the bosonic canon- 
ical variables. In fact, the commutation relations (J2.53)) and (J2.54)) involving the fermionic 
coordinate are modified into 



i 



w 

(r),r(r,a)) DB = (P r (r, a), 9<*(t, (t')) db = . (2.64) 
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In terms of 9, eq. ()2.48|) is described by 



d { X- 



2P (0) 
1 



2P 

I 

2L 6m 



(0) w 



1 

24 tm ' 



P 



(0) 



(2.65) 



The APD constraint ip takes the form 



P 



(o) 



L 

2r 



d T X m ^G 



m±n± j 



X n ± I - -{0,0} 



- <! 9 [ ~u m , a v la , v - —e a mll a>lr + 7^7^' F a , vdd , )9,X 



1 



a' .h'c'd! 



x r 



w 



2L 



24 



(2.66) 



The lagrangian Lapd is expressed as 



J APD 



d 2 a^w{a) x 



2 2r 



G mini V T X m ^V T X n ^ 



T 2 2r 
4p(°) T 



{x m ± ; X n ± } {XP± ; x9± }Gm ^ G 



T 

+ ^C m ' im ' 2m >V T X mi {X m2 ,X m ' A } 
i T 2r 



+ -V T X m '9 I -u m> a b ' la>b , - —e^la'lf + ire a m ,Y c ' a 'F a , b , c/d I 9 



a' „b'c'd' 



2L 



24 



T 2r 



2P (0) L 

xi9^ a± 
1 2r 

1 2r 



4 



b -L c ±^,, J._L a 6 l™, ^_« b -L o/ C 'l- c 4 



192 



2L 



If 



384Pl 0) L 



(9^9) F c[ . 



— 1 b '^ Fb ,... b , )9 
144 ' b i 6 4 1 



07a, 



2L r 288 [ 1 4 ' 



1 2L 288 1 4 ' 



(2.67) 
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2.4 Matrix regular izat ion 

The algebra generated by APD is approximated by the large N u(N) Lie algebra. This 
provides a prescription to regularize the two-dimensional continuum 'internal space' S( 2 ) by 
the N 2 - dimensional vector space of the adjoint representation of the U(N) group. Following 
the standard prescription 41 _9j[42 , we replace the fields on the membrane-world volume 
with r-dependent N x N hermitian matrices, the APD gauge field v with the U(N) gauge 
field A T , the integral over £( 2 ) with the matrix trace and the bracket {*, *} with the matrix 
commutator [*,*]: 



X m U T ,a) '™ X m± (rY 



j ■ 



v(r,a) 



N^oo 



2nN 



Mr) 1 j , 



Prr, , (T, a) 



J ' 



m±{ ' ] N - NP m± (rYj, 



{*,*} —i2irN[*,*] , 



/w(a) 
d 2 cr \/w(a) 



N^oo 



iV Tr 



(2.68) 



where I, J = 1, . . . , N denote the matrix indices. Applying this prescription to the lagrangian 
(|2.67|) . we obtain the action of the matrix model for the supermembrane on AdS-j x S A , 



C a(B) , q (F2) q (F4) 

^matrix ^motriv "l ^mntriv ' 



matrix ^matrix ' matrix ~ matrix > 

1 L 



S, 



(B) 



matrix 



p(0) 

dr— Tr 



V T X m± V T X n ^G mini 



(F2) 



S, 



(F4) 



1 

+ - 



N 1 



2r 



-[X m \X n ^][XP\X^}G m±p± G 



dr — Tr 



p(°) 27T/3 2 



a 1 „b'c'd' 



2L 

I iV I 2r 



24 



2 p(°) 2tt/3 L 
x 9^ a± 



192 





1 2r 


/ dr—Tr 


_ 8 p(o) L 


/ N 



1 2L 1 144 



x 



07, 



\2L ' 288 1 V 
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+ 



2r 



384P 



(o) L 



Ffj ... r ' 

c l c 4 



9Y 



2L 



7» 



288 ai "' a V 



(2.69) 



where the covariant derivative T> T means 



(V T X 



m± - 



d T x m ^j + i[Ar, x^Yj , (v T e a Yj = d T e a J j + i[Ar, e a Yj . (2.70) 



Here we have expressed the membrane tension T in terms of the eleven-dimensional Planck 
length l p by using eq. ()2.2|) . The matrix regularization ()2.68|) entails converting the back- 
ground fields which depend on the space-time coordinates into the functionals of the N x N 
matrices X m±/ j. This gives rise to ordering ambiguity. The problem to completely determine 
the ordering is beyond the scope of this paper. In this paper, we just adopt the ordering 
prescription in ref. [HI], which is a combination of a symmetrized trace ||, a non-abelian 
Taylor expansion [S2] and multipole moments of currents 



3 DO-branes Propagating Near the Horizon of D4-branes 

In this section, we show that the action of matrix quantum mechanics obtained in the last 
section takes the same form as that of DO-branes propagating near the horizon of D4-branes. 

Coincident Dp-branes on the curved backgrounds are described by supersymmetric non- 
abelian Born-Infeld actions coupled to background fields in curved space-times. Non-abelian 
extensions, supersymmetric extensions and/or curved-background extensions of the Born- 
Infeld actions have been carried out [S] [SB] [HI] [HH] [SH] ■ We use the result of ref. [HI] for the 
bosonic non-abelian DO-brane action on curved backgrounds. A remarkable property of the 
Dp-brane actions proposed in ref. [HI] is that Dp-branes can couple to the Ramond-Ramond 
(R-R) potentials with the ranks higher than p + 1, unlike the abelian case. For the fermionic 
sector of the DO-brane action, we use the result of ref. ? where the explicit forms of the 
actions on bosonic curved backgrounds are presented up to quadratic order of the fermionic 
coordinate in the abelian case. 

3.1 D4-brane solution 

In supergravity theory, Dp-branes are described by black p-brane solutions [SZIjHH]- The 
black 4-brane solution with Q unit R-R charge of type IIA supergravity takes the following 
form in the string-frame: 

ds 2 = Z(r)"3 ds\ +1 + Z(r)s (dr 2 + r 2 dn 2 4 ) , 

e 2 ^ = Z{r)~\ , H m[ ... m , 4 = - V 3p 3 e^... m ,Vdets(ft 4 ) , V = ±1 , 

Z(r) = l + £, P = l s {g s Qir) 1 3 , (3.1) 

where ds 2 +1 is the (4 + l)-dimensional Minkowski metric for the directions (X°, . . . , X 4 ) 
along the D4-branes and dQ 2 is the metric on the unit S A : dVl\ = gmin^VL^dX™ 1 dX n 
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(m! = 6, 7, 8, 9). Here is the dilaton and i/^...^ is the field-strength of the three-form R-R 

(3) 

gauge field A\l p . The parameters l s and g s denote the string length and the string coupling 
constant, respectively. 

In order to see near- horizon geometry of the D4-brane solution (j3.1j) . we take the limit 

1 <y 

l s gi — > , with — — = finite . (3.2) 

This limit is essentially the same as that taken in eq. ()2.15|) to obtain the AdS-? x S 4 metric 
()2.13|) from the M5-brane solution (|2.14|) . This fact follows from the relation 

i 

l P = Lgi , R = l s g s , (3.3) 

where R is the radius of the direction compactified in obtaining ten-dimensional type IIA 
string theory from eleven- dimensional M-theory. In the limit (J3.2j) . the D4-brane solution 
(|3.1|) becomes 

ds 2 ~ g^dX»dX u = ( -J 2 ds\ +1 + (dr 2 + r 2 dn\) , 

3 

\ H m[ ... mli = -77 3p 3 e^... m , Vdet^) . (3.4) 
We note that these three variables have the structure of (£f<7 s ) x (finite quantities). 




3.2 Bosonic sector of the action for DO-branes near the horizon of 
D4-branes 

We consider the action of N coincident DO-branes in the near-horizon geometry of D4-branes 
(|3.4|) . In this subsection, we restrict our attention to the bosonic sector. We will discuss the 
fermionic sector in the next subsection. 

We make the 1 + 9 split for the space-time coordinates: = (X° , X m± ), with X m± = 
(X 1 , . . . , X 4 , r, X m ). The world-line theory of N coincident DO-branes is a non-abelian 
U(N) gauge theory [HH]. We denote the gauge field by A T , where r denotes the world-line 
coordinate of the DO-branes. This gauge field is accompanied by 9 adjoint scalar fields $ mj - 
with V T $ m± = d T $ m± + i[A T ,$ mj -). The fields $ mx have the dimensions of (length)" 1 in 
the space-time sense and are related to the (N x N matrix-valued) collective coordinates of 
the DO-branes X m ^ by 

X m ^- = 2irl 2 $ m ^ . (3.5) 

Substituting the background (|3.4|) into the non-abelian D-brane action given in ref. |51j. 
we obtain the bosonic part of the action of the N DO-branes near the horizon of the D4- 
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branes 5 in the static gauge X° = r, 



S 



(B) 
DO 

-Too / drTr 



((700 + (2nl*)*V T ^±g mxnx (QrT\J>T$ p i) det( 



2 m,m,m, 

where the matrix Q is defined as 

(Q) m V = C" + s P±n± , 

and Too and //do denote the DO-brane tension and charge respectively with 

T 1 



(3.6) 



(3.7) 



9sh 



(3- 



In the action ()3.6|) . we choose the ordering prescription proposed in ref.jjnj. Performing the 
a'-expansion (with a' = l 2 s ) in the action (|3.6jh we have 



'do 



(2vr) 2 / 3 



(irTr 



2fl-oo 



+ o(z 



(3.9) 



Here we have ignored the leading order contribution, because it becomes constant in the 
background ([3.4)1 . 

Let us compare the action (|3.9|) with the bosonic part S^ tlix of the action ()2.69j) . For 
this purpose, we rewrite the variables of type IIA string theory in the action (|3.9j) into those 
of M-theory. Eas. fjTTKJ) . (EHJ) and (EH yield 



P= 2 



(3.10) 



Hence, comparing eq. ()2.18j) with eq. ()3.4j) . we find that (see e.g. [2~] [BT]) 



/mini 



mini 



it rp /\\°) - C 



2rV 

^ I "mini j 
(3) 



ml m n m'„ 



(3.11) 



5 In ref. 60 , DO-branes in the background (|3.4() is considered. In that paper, Dielectric effects are studied 
and the electric four-form field strength associated with D2-brane charge is turned on. The Chern-Simons 
term in the resulting action is therefore different from ours l|3.6l) . in which the magnetic four- form field 
strength is activated. 
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Using these relations and eq. ()3.3J) . we may recast the action ()3.9|) into 



S 



(B) 
DO 



dr-Tr 



1 L 
227 



T) T X m± T) T X nj -G 



mj_nj_ 



1 / R \ 2 9r 



This takes precisely the same form as the action S^ tTix with the identification 



p(0) = ^ 



(3.12) 



(3.13) 



Thus we have shown that in the bosonic sector the light-cone gauge supermembrane on 
AdS-j x S 4 provides the matrix theory action of infinitely many DO-branes propagating near 
the horizon of D4-branes. 



3.3 Fermionic Sector 

Now we turn to the fermionic sector. In the case of a single DO-brane, i.e. the abelian 
case, the explicit form of the fermionic sector of the Born-Infeld action on general bosonic 
backgrounds is given in ref . up to the quadratic order of the fermionic coordinate. We will 
show that this action is indeed reproduced by the corresponding part of the action (j2.(-)9j) . 
i.e. the 17(1) sector of s£2te, 



l -6d T 6 + l -d T X m '9 (\u m , a ' b ' la , v - 2^,7^7, + ^ei n b ' c ' d 'F a , b , c , d , ) H 



(3.14) 

In order to write down the action given in ref.jHII], we prepare notations. On the back- 
ground (|3.4|) . the supersymmetry transformation laws for the gravitino ip^ and the dilatino 
A of type IIA supergravity in the string-frame take the forms 6 



6% = V M e = d^e + W^e , 6X = 2Ae , (3.15) 



where 



= \^; b T ab + ^e%T<-<T b H a ,.. < , 
A = h^d^+^e^T^H^ , (3.16) 

with H a > ia > 2a > 3a > 4 = e^^e^e^H m ' im ' 2m ' 3m ' 4 . Here a = (0,a±) with a± = (o,f,o'), a = 
(I, . . . , 4) and a' = (6, . . . , 9) denote the local Lorentz indices, and u)^ b and are the spin- 
connection and the vielbein for the metric (|3.4|) . We introduce the pull-backs V r and g T 
6 We essentially follow the convention in refs. |62 ) . 
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of the covariant derivative V M and the gamma matrices T a onto the DO-brane world-line 
defined as 

V r = V + 27Tl 2 s d T ^W m± , 

q t = 4T- Q + 2-nl 2 s d T ^e^T a ^. (3.17) 

Here we have chosen the static gauge X° = r. We note that $ m± = are functions 

commuting with each other and not matrices because we restrict ourselves to the U(l) case. 
The matrix q t satisfies 

(f?r) 2 = h TT , (3.18) 
where h TT denote the induced metric on the DO-brane world-line defined as 

h TT = goo + {2nl 2 s ) 2 d T ^d T ^g m±n± . (3.19) 

Here we have used the fact that go mi _ = in the background (|3.4j) . We denote the inverse of 
the metric h TT by h TT : h TT = l/h TT . 

In terms of the quantities introduced above, the quadratic action in the fermionic sector 
of the DO-brane is described by 

s (F2)u(i) = i_ Tm j dTe -<t>^Zh^ T f (i _ t m )h TT Q T (v t - Q T A) ^ , (3.20) 

where \l/ is a SO(9, 1) Majorana spinor and r^ is defined as 

~ 1 



DO 



Carrying out the a'-expansion in this action, we have 



QtTs • (3.21) 



—r I dre^^gVo — 0) egr B (d T + W - e°r 5 A) * 

g s h J goo ^ > 



+ ^i 5r $-x^ p (DO)g0 r _ ^ _ e^ ± T a± A) 

goo 

+ _^9 T $»»x ^ I r a± (d T + W - e°r A) * 

fl'oo Z \ / 



+ ^(l 3 ) , (3-22) 



where V±^ is the projection operator defined as V±^ = ~(1 ± Tgr^). 

Let us compare the action (|3.22|) of the DO-brane with the action (J3.14)) of the superme- 
mbrane. For this purpose, we express the variables of type IIA string theory in the action 
()3.22|) by those of M-theory, as carried out for the bosonic sector in the last subsection. 
Eq. (j3.11J) enables us to choose the vielbein e™ such that 



' " <**4 = ( - ) el , = e^e a m \ =["-) , (3.23) 
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where denotes the vielbein of the AdS-j x S 4 metric (j2.13j) . the AdSf components of which 
are given in eq. (|2.19|) . This yields 



1 ab 



a i b i 



■"a j 03 



-m a ± b ±r 4. J_ P a -L r 
e~^F 1 > / / 



J- a ± 6 ± T m -L aj - r , 



(3.24) 



where 0Jrh ab denotes the spin-connection of AdSj x S A , the Ac/SV components of which are 
given in eq. ()2.20|) . By using these relations, we find that 



Wo-e°r Q A = 
W r -e F r r f A = 

W m ,-ei,T a ,A = 

By using eq. (jA.18j) . we have 



W^-4r a A = (m = l,...,4) , 

r -_3_ _J3_ 

6r 4L " 8r ' 
1 11 

-W m / 1 a >V ~ ^ e m' i o'l f - ^ e m' i 3 



p£D0) = p(LC) 



(3.25) 



(3.26) 



Plugging eqs. (J3.25j) and ()3.2fi|) into the action ()3.22|1 . we obtain 



? (F2)£/(1) 

'do 



dr — ( — I / 

R V 2r 



^ p (LC) r _ a ^ 



1 



1 a', 

24 f 



(3.27) 



We note that the contribution of W r — e r r T f A to this action becomes vanishing because of 
eq. (jA.5|) . By using the relations in Appendix El we may describe the action ()3.27|) in terms 
of the 5*0(9) spinors ip , ip and the gamma matrices 7 a± as follows: 



,(F2)U(1) 
'DO 



^a)^(i) 

(3.28) 

Here we have decomposed the Majorana spinor \l/ as 

(3.29) 



1 L 



■-J-d T X m ^e a m \ (^ l h a± d T ^+^h a± d T ^) 



y/2 V 
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The supersymmetric Dp-brane action possesses the fermionic gauge symmetry (^-symmetry). 
In the present case, under the ^-transformation, the fermionic coordinate \1/ transforms [63] 

as 

5^ = (1 - f m ) K + 0(^ 3 ) = (1 + T- T-^k + 0(l 2 s , ^ 3 ) , (3.30) 

where the transformation parameter k is a r-dependent SO(9, 1) Majorana spinor. We may 
therefore impose the following condition 7 on the fermionic coordinate \l/ to fix this gauge 
symmetry, 

pj D( % = ^ (T) = . (3.31) 

In this gauge, the last term in the action (|3.27j) becomes vanishing. We thus find that the 
action (J3.27)) takes the same form as the action (|3.14j) with the identification 

with N — 1. As addressed in Section l2~3*| the normalization factor of the fermionic coordinate 
9 may be absorbed into conventions, even though it depends on the bosonic fields. In this 
way, we have verified that, as well as the bosonic sector, the fermionic sector of the matrix 
action of the light-cone supermembrane on AdS^ x S A has the interpretation as the Matrix 
theory action of DO-branes. 



4 Conclusions and Discussions 

In this paper, we obtained matrix quantum mechanics for a supermembrane on AdS-j x S 4 
from the light-cone supermembrane on this background. We constructed light-cone gauge 
formulation for the supermembrane on AdSj x 5* 4 in a similar way to the flat case jU]. 
Taking account of the fact that AdSj x S 4 is obtained as near-horizon geometry of the M5- 
brane solution 2*%| |29j . we expect that the resulting matrix quantum mechanics ()2.69|) should 
govern the system of DO-branes propagating near the horizon of the D4-brane solution of type 
IIA supergravity. We verified that the action (j2.69|) has such a Matrix theory interpretation. 
We showed that the bosonic part S^ tlix of the matrix action (j2.69|) takes the same form 
as the leading order terms in the a'-expansion of the non-abelian Born-Infeld action jHT] 
of DO-branes. As for the fermionic sector, we compared the action (J2.69j) with the results 
in ref. jS3jj where the explicit form of the action is presented up to quadratic order in the 
fermionic coordinate 9 for a single Dp-brane on a general bosonic curved background. We 
showed that the corresponding part of our action ()3.14|) reproduces their results. 

The fermionic sector of the action (J2.69|) also contains non-abelian parts and quartic 
order terms of 9. From the fact that the action (J2.69|) coincides with the part of the D0- 
brane action stated in the above, we may expect that our result should give a hint as to the 
non-abelian extension of the fermionic sectors of the Born-Infeld actions for DO-branes on 

7 From ea. (|;-S.2fi(l . we find that the gauge condition formally takes the same form as the light-cone 

gauge condition 12.23J1 imposed on the fermionic coordinate O of the supermembrane. 
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curved backgrounds. We may rewrite the action S^^ix in eq. ()2.69|) in terms of variables of 
ten-dimensional type IIA string theory into the following form in the gauge (J3.31)) : 

s£L = -V / drTr \e~*y/=g^x 

ys'-s J 

xi f — fpf 0) e°r Q (v T + w - e°r A) * - fpf^ra^i^-s *] 

\9oo v 7 

<?oo 

2tt/?„ 1 



fl'oo 

>(D0) 1 



(4.1) 



with the identifications ()3.13|) and f)3.32j) . We note that there are ambiguities in covariantiz- 
ing the 50(9) spinor 9 and gamma matrices 7 a± into the S0(9, 1) spinor \I> and gamma 
matrices in eq. (|4.1|) . The first, the third and the fourth terms on the r.h.s. in eq. (|4.1|) are 
directly obtained from the U(l) part of the DO-brane action (J3.22)) by replacing <9 r $ m± with 
D r $ m _L. xhis replacement is a part of steps in the non-abelian extension of the Born-Infeld 
actions [5T] . We may naturally guess that the last term on the r.h.s. in eq . 1)4.11) should 
be derived from terms proportional to the field strength F^ v of the gauge field in the 
Dp-brane action via T-duality. We make a comment on the four-Fermi terms S^^ rix of the 
action ([2.69)1 . In Section |2~2~) we used the Fierz relations (jB.l|) and ()B.2|) in the four- Fermi 
terms, before applying the matrix regularization to the membrane action. Whether we are 
allowed to use such Fierz relations also after the matrix regularization depends on the or- 
dering prescription in the fermionic sector of the non-abelian Born-Infeld action. This point 
needs further investigations. 

In this paper, we did not discuss the (super-)isometry of AdSj x S* 4 . It is because the 
isometries of the target spaces of light-cone supermembranes become subtle after the matrix 
regularization. In fact, even in the flat case, the eleven-dimensional Lorentz symmetry is 
obscure in the matrix action [SUl [HI] jES] • Such obscurity originates in the fact that it is not 
known how to employ the matrix regularization for the coordinate X~ and consequently for 
the Lorentz generators M~ a± , since X~ explicitly depends on the geometry of E(2) in the 
light-cone gauge. 

As mentioned in Introduction, supermembrane theory on AdS-j x S 4 is supposed to be 
dual to six-dimensional superconformal field theory [20j[31j[32] jSS]- We hope, therefore, that 
our matrix action should provide a useful new approach to the study of the AdSj/CFT 6 
correspondence beyond the supergravity level and shed light on this problem. 



Acknowledgements 

The author is grateful to E. Sezgin for discussions on supermembranes on AdS x S. This 
work has been supported in part by NSF Grant PHY-03 14712. 



23 



A 50(10, 1) and 50(9) gamma matrices 

The 50(10, 1) gamma matrices r a (a = 0, . . . , 9, \) satisfy the SO(10, 1) Clifford algebra 

r a r s + r s r a = 2 %S) v&h = diag(-i, 1, . . . , 1) . (A.i) 

The hermitian conjugation of r a is given by rt = ror a ro. The charge conjugation of the 
SO(10, 1) spinor \1/ is defined as \l/ c = C^> T , where ^ = is the Dirac conjugate of \I/ 

and C is the charge conjugation matrix defined by 

rf = -C-'TaC , C T = -C . (A.2) 

The Majorana spinor is defined by = \1/m- This leads to 

= -KC' 1 ■ (A.3) 

Ea. (lA~2l yields 

(C- 1 r ai ... a J T = (-l)!^ 2 )^ 1 ) C- 1 r ar ..a„ • (A.4) 

This implies that the matrix C~ 1 Ta 1 ---d n is symmetric for n = 1, 2 (mod 4) and anti-symmetric 
for n = 0, 3 (mod 4). Thereby we obtain 

*Mr& 1 ...a n * M = for n = 1, 2 (mod 4) , (A.5) 

where \I/m is an arbitrary Majorana spinor. 
A set of the matrices 

)&$ > -^ a )o/3 ' ^6102)0/3 ' ' ' ' ' T&i— &s)&p (A-6) 

composes a complete basis of the 32 x 32 matrices. The completeness relation reads 

5 H = ^ E ^( rdp - ai C)^(^ 1 r ai ...a P )a^ ■ (A-7) 

p=0 

Using this relation, we can prove the identities 

(c- 1 r a 8)(^(c- 1 r*)& ) = o ) (A.8) 
(c-'ras)^ (c _1 r% - ecc- 1 ^)^ (c-%, = o . (A.9) 

In this paper, we choose the Majorana representation for the 50(10, 1) spinors in which 
the Majorana spinors become real spinors. One can find that the following relations hold in 
this representation: 

c = r , r? = r a , (A.10) 

where T! denotes the complex conjugate of T a . 
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In accordance with the light-cone coordinates (|2.17|) . we introduce (r + ,T ) defined as 

r+ = rv = i=(r5 + r 5 ) , = r + = -L (r*-r°) . (A.n) 

These matrices obey the relations 

r+r- + r-r+ = 277+- = 2 , (r+) 2 = r?++ = o , (r-) 2 = rf- = o . (A.12) 

We decompose the gamma matrices T& into SO(l, 1) x 50(9) gamma matrices as follows: 
r ax =a 3 ®7« ± = ( ° 1 a ± = (l,...,4,f,6,...,9) , (A.13) 



~la ± 

where (o"i, a 2 , a 3 ) denote the standard Pauli matrices and j a± denote SO (9) gamma matrices, 
which satisfy the £0(9) Clifford algebra, 

la ± lb ± + 7b x 7a x = 25 a±6± . (A.14) 

Using eqs. (|A.2|) and ()A.10|) . we find that the SO (9) gamma matrices ■y a± in eq. (|A.13|) are 
real and symmetric: 

ll ± = 7a ± , 7a ± = 7a ± • (A.15) 

The £0(9) charge conjugation matrix Cg, defined by 7j ± = Cg^^Cg and Cg = Cg, may 
hence be chosen to be unity, Cg = 1, in this representation. 

In accordance with the decomposition (jA.13|) of the gamma matrices, an arbitrary £0(9, 1) 
spinor \1/ is decomposed into two £0(9) spinors as 



* d =(^(l)l ) (« = !,..., 16). (A.16) 



Eq. flOl yields 

r+ = 



o o 

-y/2 





' 


-V2' 




vO 





o o N 


)■ 




lie , 





,(LG) _ l-r~+ _ / \ _(lc) _ l + r~+ _ / lie 



^ = — ^- = ( n ; ) , = = ( o o ) ' (A - 17) 



where 



i(r-r+-r+r-) = r 5 rv (A.is) 



This leads to 



».e^I=(^), * + = P«*=(^' ) . (A.19) 
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B Derivation of eq. (E3Hj) 



In this appendix, we derive eq. (|2.38jl . In the following, we will frequently use the relations 
(gjHD , (E£ZZt and $EB), without mentioning it. 

We begin by providing relations for later use. Multiplying eq. (jA.9|) by 0^0101 and 
setting c = — , we have 

e_r-r^^e_) e_r a±fe± = o . (b.i) 



Multiplying ea. lTOl) by (p-Q^Ot (T 444© '-Y 'F c '^ c 'i and setting a = c[, we may show 
that 



e_r-rv ibx e_ ) e^T rLrLr/ r b ^F c ^ 



= - (e_r~rv 34 e_) e_r c ,F<~< + 3 (e_r-r 44 e_) e_r 44 F c i-< . (b.2) 

Combining the identities 

r axfe± r cVcV = r a ^ c ,... c , -86 r [o , x r b J cVc n - ^i^rv^ , 



we obtain 

r^ c ^ = r<^r c , c , c , c , - s^r^r 6 -] + se^r^,, . (b.4) 

Eq. (I2~23|) yields 

+ 2^8 (@- r " r ^x©-) e_r^ 6 -<- c ^ c ,... c , 

+ ^ (e_r^e_) q^y^f^< . (b.s) 

Here we have used the following relation, which follows from eq. (jA.5|) : 

e_r-r a± b 'i- -^e_ = . (b.6) 

Substituting eq. (jB.4|) into the second term on the r.h.s. in eq. ()B.5|) . we have 

0_r-.M 2 [0_] (B.7) 

= ^ (©-r w ^" b ' 4 ®-) ©-^ + (e-r^r a±fe± e_) ®_t^t c ,... c ,f^< 
(e_r^rv i6± e_) e^ A r b -F c 'r< + * A (e-r-r^e..) 0_r 44 F c i-< . 
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The second term on the r.h.s. in this equation is vanishing because of eq. (|B.l[) . Plugging 
eq. (|B.2p into the third term on the r.h.s. in eq. ()B.7|) . we obtain 



(B.8) 

By using eq. ()B.6|) . we may recast this equation into 



e_T-M 2 [e 



+ 5 f©-"^ -) ©-r 4c ,F c i-< . 



(B.9) 



Substituting this equation into the definition (|2.37J1 of F, we obtain eq. ()2.38|) . Thus we have 
derived eq.fl2HU). 

C Explicit Forms of Several Quantities 

In this appendix, we substitute the explicit form of the field F a i b r c r d i in the AdS 7 x S 4 solution 
(J2.7|) into several quantities in the text. As mentioned in Section l2~2l it is convenient to use 
the fermionic coordinates (G_ , G^) introduced in eq. ([2.32|) . We note that the 'chirality' 
associated with the projection operator "P^ 5 -* flips under the Dirac conjugation: 



q(±) _ Q(±)p(M5) 

Plugging eq. (|2.7|) into eq. (|2.25jl . we find that A4 2 [9_] takes the form 



(C.l) 



(.m 2 [g_])>^ 



;r a fG_f (G_r<% + (r r -f e_) a (e_r^ - 2 (r a ,f e. 
- e & (e-j% - (r f r a e_) a (e_rT a f)^ 



e_r a 



- 2 ( r ^ e - 



e_r Sb f ) + (r aV e_)* ( G_r a ' 6 ' 7 / 

/3 V //3 



(C.2) 



where 7' is the matrix defined in eq. ()2.31|) . From eq. ()2.30|) . we obtain 

r;,e_ = a ( eL +) + e<_ _) 



+ 9 i x + e +|r-r f e ( : ) + 9 i x™ e |ir (i r f eL" ) + ^r- 1 - (g h - e w 
+ (i^iw + |e£,r a ,f ) (g« + 



(C.3) 



Using these relations, we obtain a detailed form of the pull-back lif of the supervielbein. 
The component IL - is expressed as 



nr = ax- e - - iG w r~<9,GL +) 



ie H r-aG H 
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m T ° r 



- id,X r 



"1 i ( ^m' 1 o'6' + T e m' L afl I ®- 



(-) 



8L 2 



2 (eL^r-r^rve^ - eL +) r-r a T f e w ) eL _) r-r a 'r f ei _) 



^x™ e | - iej T eL +) r a r-r,(-) 



(-) 



Here we have used eq. flB.8jl . The components II" and II" take the forms 
The fermionic components II T and II,- become 



d T X m 'ei, -iel T Q < L ) T a 'T-Tr@ ( L ) 

Lj 



ib 



+ e+ir-r f eL -) + 9 r x^r s r f eL" ) - d ire ^ (e ( r ) - e w 



+ e 



6L 2 



2r f r 5 eL" ) f eL +) r-TT o e 



2r>r a , ( <d { : ] - e w ) ( er ; r-rT a 'e^ 



U — )t— F r F a 'C\( — ) 



+ A r _- (e w + el-)) (eL _) r-r aS eL- ) 
_ r a , 6/ ( e w + 9 h fgwr-r ftf e!r ) 



a e 



»(+) + e H 



+ ^ e ^r 5 r f ef> - (e ( r ) - e w 

The elements h TT and w,- = h T : of the induced metric h~~ turn out to be 



2d T X-G + ^d T X m ^d T X n ^G m ^ 

- i2e+ ( e w r-d T e M + eL _) r-0 T eL _) 



28 



i2d T X m e 



! ( _ ] T- ( -u^T^ + 2±e a m ,T a ,-' ) (-) 



1 



a' b' 



(+) 



+ F , 

m = diX-G + - + d T X m ^d T X n ^G m±n± 

- tet ( eL +) r-^eL +) + eL -) r-&eL _) 



I 4 m ' a ' fe ' Z a / 

+ eL _) r- Qc^/^'r^ + ] e 



(-) 



(C.7) 



where F is the four- Fermi term introduced in eg. (|2.H7jl . From eq. (|2.H8|) . we find that this is 
described by 



F 



L 2 



e (+) r - r _ r _ e (-)\ / e (+) r - r a r _ e H 



+ - ( 3eL~ } r-r a ,r f eL _) - eL +) r-r a ,r f eL +) ) ( eL~ } r-r a 'r f e (_) 



»(-) _ o(+)r- 



+ - ( eL _) r-r a ^(-)L"' (~)'J'i-iv,/(~r~' ) ( e^'i'-r" " e' 



(+)\ 



(C. 



Let us denote the O-dependent part of the Wess-Zumino term by £^z 



C 



{F) 

wz 



/ dte vK 0-T &i tti(X,te-)m(X,tG-)ni(X,tG-) 



Tie ij ele a n t ± d i X m ^Q^T~T a± 



djQ- + djX r 



-LUr, 



b ± c ± 



4L x 192 x 6j.- r ci-^ I 



(C.9) 



This is expressed as 



C 



(F) 
WZ 



Tie 13 



(+) 



+ % e + e ; ^e w rT4e m + er^r-r^e 



»(+) 1 aHr-i 



(-) 
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1 

t 



(+) 



(-) 
(+) 



(CIO) 



1 ~ / f7""\ 

Here we have used the relation ujj h ar = x e »^- Using the notation £^vz' we ma y wr it e the 



hamiltonian (|2.42j) as 

G 4 



He 



2P_ 



l, _j_ p fimn Dip /nrrr p i /O /nrm' n' 



-c 



wz 



p_ 



2G, 



-F 



(C.11) 



where Q m ' is given in eq. (|2.4Hjl . which is described as 



-Lin.' t UtJ\. UAJ\- ^ m. 1 m' m' 



P_ 
+ z— 

e_ 



W- L [ -^>m> J- o'6' + ^ e m' i a'7 I W - 



(C.12) 
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